3F14: Theory and Applicationsin Electromagnetics

1. The magnetic vector potential A

The magnetic VP isintroduced as the vector whose curl equals
the magnetic flux density:

B=VxA T
Using Biot-Savart law, one can show that the magnetic VP is
the potential of the electric current elements:.
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Compare this with the voltage of alinear charge distribution:
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Thisanalogy holdsfor all types of source distribution, including

surface and volume distributions.
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Asthe electric scalar potential (ESP) V isenough to fully
describe the ESF, the magnetic vector potential is enough to
describethe MSF. The ESP V satisfies Poisson’ s equation:

VA =—ple¢
In fact, the more general ESP equation (for inhomogeneous
regions) is. V-(eVV) =—p
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We will now show that the magnetic VP satisfies ssimilar
equations. Starting with Ampere’ slaw (in differential form):

VxH=J
and substituting: H =B/« , }
one obtalns the second-order PDE for A:

VX(EVX Aj =J
u

This equation istrue for any (homogeneous or not) region. Inthe
case of homogeneous regions, however, it can be s mpI Ified:
VxVxA=ud —VV-A-V?A=uJ
A isavector field. So far, we have defined only its curl,
which equals B . Its divergence has to be specified, too, in
order to define this vector field uniquely.
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In general EM theory, the most often made choiceis:
— oV

V-A= —,ugg
which iscalled Lorentz’ gauge and gives aclear link between
the electric and magnetic fields as they are expressed in terms
of potentials rather than field vectors. Another gaugeis.

V-A=0

which is rather inconvenient in general electrodynamics.
However, in the case of static fields, both gauges are identical,
because dV /dt = 0. Then, the link between magnetic and electric
field disappears. Indeed, thisisthe case with the ESF and the
MSF. Static charges (and their field) are unaffected by permanent
magnetic fields. Permanent magnets cannot register static
charges. The magnetic field of steady currents is unaffected by
the presence of electrostatic field. Both fields seem digoint.
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Lorentz' gauge does make sense from many points of view.
Here, we will only point out the link between A and V, which

arises because of the continuity of current law. Remember that
V?PA=—uJ and VN =-pl¢

Take now the divergence of both sides of the |eft equation.
VE(V-A) =-u(V-J)
According to the continuity of current law:

— V3(V-A) = ,Lla—p

ot
Take the time derivative from both sides of the right-hand
equation, and compare the above equation with the result.

oV 0p -~ dp
_ue)Ve— =y & V.A=_2F
CHENV S =+ - o
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Substituting the gauge equation, a simpler equation is obtained for
the magnetic VP in homogeneous medium:

VZA=—uJ
Thisis Poisson’ s vector equation. In rectangular coordinates, this

equation readily reduces to three decoupled scalar Poisson’s
equations for each component of the magnetic VP:

8A< BAK aAK
VA<_ ay 82 ,le

aAy aAy BA\,
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The magnetic VP A and the magnetic flux ¥

‘Pz”é-d?lzﬂ(VxA)-dé: <j> A-dl
S S C[S]
or

P = SB A-dl | Wb=Txm?
C
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2. The analogy between ESF and M SF in the source-free case

The analogy between the electrostatic and magnetostatic field
would be complete if we also answer the question: why isthe
potential ascalar function in the ESF case, and why isit a
vectorial function in the M SF case?

The answer is rather ssmple: because the sources of the ESF
are scalar functions of space (charge distribution), while the
sources of the MSF are vectorial functions of space (current
distribution).

It should be noted however that if in the region of interest there

are no currents, the MSF can be expressed just fine with a

single scalar function: the magnetic scalar potential V.
VxH=J=0=Vx(-Viy)=0

=H=-Vy, A/m
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The analogy with the ESFisobviouss. E=-VV, V/m
The magnetic scalar potential satisfies Laplace’ s equation, too.
V.B=0 = V- (uH)=0 = |[V-(uVy)=0

In homogeneous regions:  [Vey =0

Similarly, if there are no chargesin agiven region, but thereis
certain ESF, it can be expressed as the curl of a vector: the
electric vector potential F .

V-D=p=0 = V. (-VxF)=0
Then, the electric flux density can be expressed as; D=-VxF

Thedectric VP F would a so satisfy the vector Poisson’s
equation in homogeneous regions.
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Starting from the conservative nature of the ESF:
VXE=0
and substituting E=D/ ¢,

V><(1 [3) -0 = VX(EVX Ifj =0
£ £

In homogeneous regions; VXV x F =0
= VV-F-V°F =0
In order to define the dectric VP F , we have to adopt
certain gauge (to specify its divergence). In general
el ectromagnetics, the usual gauge isagain Lorentz’ one,

which gives a relation between the electric VP F and the

magnetic scalar potential ¥ . .
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In the case of static magnetic fields, dy /dt =0, and the gauge

becomes .
V-F=0

This simplifies the 2" order PDE governing F to;  |V°F =0

3. General field equations for the ESF and the MSF. a summary

ESF w =
2 R

~ Gauss'law; 2 EEE
V-D=pefD-ds=0Q B
S T8

ESIii S conservative SI, amdlar): 5.
VxE=0o $E d =0 =]
= (0)]
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ESF

Coulomb's law:
E= = 2
Are R?
1Q
T4z R

SprRl

59Jn0s I0d

V. (VV)=—p
VA =—pl¢

J o)
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ESF
_VxE=0= Potentials and field
E=-VV vectors (general)

V.-D=p=0= _ _
D=-VxE Potentials and field

vectors (no sources)
VX (1 VX Ifj =0
£

V2FE=0, if Ve=0

The analogy can be continued with force, energy, and
capacitance/inductance relations.
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